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Table 1. Analytic models for the vertical structure of effective radius, re, and liquid
water content, LWC, versus geometric cloud height, z, and optical depth, r. The following
convention is used: z increases with height with z = 0 at cloud base to z = h at cloud top;
optical depth increases towards cloud base with z= 0 at cloud top; zc is the total cloud
optical thickness. The constants a0, a_ are found from the optical thickness and the
prescribed boundary conditions for droplet size at cloud top and base, rtop and rbase,
respectively. Other constants (b, c) can be found in a similar manner.

Vertical Structure

LWC (z) re (z) re (r) ao al

x x__

c o + c_ b o + b_ a0 - a I % % _ rh_,.,e

Profile Constraint x Physical Implication

A sub-adiabatic aloft 0 < x <1 increasing entrainment/drying

towards cloud top

B L WC (z) _ z 1
adiabatic

sub-adiabatic
C re(z) _ z 3

at mid levels

D re(T) _ Z -3
sub-adiabatic

at mid levels (useful test of

weighting formulations)



Table 2. Two analytic profiles for the functional dependence of effective radius on cloud optical depth (see Table 1) and resulting

microphysics. LWP is cMud liquid water path, LWC is liquid water content, N is droplet number concentration (assumed constant with height),

and h is cloud geometrical thickness. The wavelength-independent optical thickness entry is for a scaled optical path using an extinction

efficiency of Q,=2.0; LWP is calculated using the actual optical thickness for a 0.66 Jam channel (Q,=2.08 2.20, depending on effective

radius). Clouds are built up from homogeneous layers with scaled optical thicknesses of 025 and integer effective radii closest to the value

given by the analytic formulas evaluated at the midpoint of the layer. Shaded entries give example microphysics for h 0.3 kin.

Cloud

specifications

_c re
cloud

base-top

(pm)

15 4-10

10 6 15

8 5-12

5 8 12

Vertical structure

profile D

LWP N h N LW(7

(gm 2) (cmakm) forh=0.3 km ofbase, toplayer

(cm _) for h=0.3 km

(g m _)

75 60.6 202 0.05, 0.85

74 17.8 59 0.05, 0.84

48 21.3 71 0,04, 0.51

35 8.2 27 0.06, 0.20

profile B

(adiabatic)

LWP N h N LWC

{g m"l (cm3 krn) for h=O.3 km of base, top layer

(cm "_) for h=O.3 km

(g in _)

89 37.0 123 0.06, 0.52

88 I I.l 37 0,05, 0.52

57 138 46 0,04, 0.33

37 7.5 25 0,05, 0.18

Table 3a. Comparison of reflectance-inferred effective radius retrievals with estimates obtained from two different vertical weightings, yr, and w:v', using Eq. 3.

The effective radius retrieval gives the droplet size of a homogeneous cloud having a bidirectional reflectance equivalent to that of the vertically structured cloud.

Calculations are for horizontally homogeneous plane-parallel cloud layers with effective radii increasing towards cloud top. Two analytic profiles for the

functional dependence of effective radius on cloud optical depth are considered (see Table 2). The total cloud optical thickness, r.., is assumed to be known

exactly when determining both the weighting-derived effective radius and the reflectance-inferred retrieval. Comparisons are for bidirectional reflectance with cosine

of the solar and viewing zenith angles ofp_O.65, g-0.85, and an azimuthal average Calculations are for a black surface at all wavelengths

15

l0

Cloud

specifications

)_ re

(pan) cloud base-top

16

2.2

3.7

1.6

2.2

37

16

2.2

37

1.6

2.2

3.7

4-10

6-15

5-I2

8-12

profile D

re re

retrieval Wnl estimate

(p.m) (l,tm)

7.3 7.9

8.1 8.3

9.4 9.3

10.8 11.3

11.8 11.7

134 13.3

8.0 8.9

9.1 9.1

10.5 103

10,0 10.2

10.3 10.3

10.9 10.8

Vertical structure

re re

r
w N estimate retrieval

(pro) (_m)

8.1 8.8

8.4 9.3

93 9.9

12.0 13.0

12.2 13.6

13.3 14.5

96 10.2

97 107

104 11.4

10.6 10.4

10.7 10.7

I 1.0 11.2

profile B

(adiabatic)

r_ re

W m estimate w_ estimate

(_n) (pm)

9.1 9,3

9.3 9,4

9.9 9,9

13.2 13.7

13.5 13.9

14.4 14.5

105 100

10.6 11,0

11.4 11.4

10.6 I1,0

10.7 11.0

I1.1 113



Table 3b, Same as Table 3a, but for plane-parallel cloud layers with effective radii decreasing towards cloud top.

Cloud

specifications

re

0.tin ) cloud base-top
(/am)

15 16 10-4

2.2

3.7

10 1.6 15-6

2.2

3.7

8 1.6 12-5

2.2

3.7

5 1.6 12-8

2.2

3.7

profile D

re r_

retrieval w m estimate

(p_m) Ittm)

6.0 5.7

5.6 5.4

4.8 43

92 92

8.6 8.7

7.5 7.4

7.5 7.7

7.2 7.3

6.5 6.4

98 9.9

97 98

9.2 9.2

Vertical structure

,/ 4
r

w N estimate retrieval

(pJn) (lain)

5.6 4.5

5.3 4.2

4.6 4.0

8.7 6.9

8.4 6.6

7.3 6.2

7.2 5.8

7.0 5.6

6.2 5.2

9.5 92

9.5 8.9

91 85

profile B

(adiabatic)

r_ re

_1,' m estilTlale W/_/ estimate

(pro) (laml

4.3 4.2

4.2 4,2

4.0 4.0

6.8 6.5

66 6.4

6.2 6.1

5.7 5.4

5.5 5,4

5.2 52

9.1 8.7

90 87

8.5 8.4

Table 4_ Weighting-derived effective radius retrieval versus cosine of the viewing zenith angle,/2. Calculated for r,, = 8, effective radii
varying from rbo.,._= 5 ;am to rwp = 12/am with an adiabatic profile, and/_ = 0.65.

Viewing

zenith

angle

/1

0.95

085

0.75

0.65

0.55

0.45

0.35

0.25

0.15

1.6 lam

re z 1- zlh

wm corresponding corresponding
estimate to re to re
(/am)

10.4 4.2 038

10.5 4.0 0.36

10.6 38 0.34

10.7 3.5 0.32

108 3.3 0.29

11.0 3.0 0.26

I 1. I 2.6 0.23

11.2 2.3 0.19

11.4 1.9 0.16

2.2 J,tm

re r 1- zlh

wm corresponding corresponding!
estimate to re to re
(p.m)

3.7 tam

t 1.3 2.2 0.19

11.4 1.9 0.16

11,5 17 014

11.5 15 0.12

116 13 0.10

1 I. 7 1. I 0.09

11.8 0.8 0.07

11.8 06 0.05

11.9 0.4 0.04

10.6 38 0.34

10.6 3.7 0.33

10.8 3.4 030

109 3.1 028

11.0 29 0.25

11. I 2.5 0.22

11.3 2.2 0.19

11.4 1.9 0.15

11.5 1.5 0.12

re z I - zlh

w m corresponding corresponding
estimate to re tO re
(/am)



Table5. Comparison of reflectance-inferred liquid water path (LWP) with the actual water path. Calculations are for horizontally
homogeneous plane-parallel cloud layers with effective radii increasing towards cloud top. Two analytic possibilities for the functional
dependence of effective radius on cloud optical depth are considered (see Table 2). The total cloud optical thickness, r,., is assumed to

be known exactly when determining the retrieved effective radius. Comparisons are for bidirectional reflectance with _)= 0.65, # = 0.85,
and an azimuthal average. Calculations are for a black surface at all wavelengths.

Cloud /erlJcal structure

specifications profile 13

(adiabatic)

;L re

(lam) cloud base-top

(_tm)

15 1.6 4-10

2.2

3.7

10 1.6 6 15

22

3.7

8 1.6 5-12

2.2

3.7

5 1.6 8-12

2.2

3.7

re LWP LWP

retrieval retrieval/actual actual

(Iam) (g m "3)

8.8 1.06

9.3 1.10

99 1.17

13.0 103

136 I 08

145 115

10.2 1.00

10.7 1.05

11.4 1.12

10.4 1.00

10.7 1.03

11.2 1.05

89

88

57

37

Table 6a. Comparison of 3.7 lam reflectance-inferred effective radius retrievals with that of emission for an isothermal cloud. The
effective radius retrieval corresponding to reflectance is the droplet size of a homogeneous cloud giving a bidirectional rellectance
equivalent to that of the vertically structured cloud. The effective radius retrieval corresponding to emission is the droplet size of a
homogeneous cloud giving an emissivity equivalent to that of the vertically structured cloud; an estimate of this radius using an
emission weighting, we, proportional to (l-tPo)dr/,u r with Eq. 3 is also shown. Calculations are for horizontally homogeneous plane-
parallel cloud layers with effective radii increasing towards cloud top. The total cloud optical thickness, r,, is assumed to be known
exactly. Comparisons are for/_)=0.65, #=0.85, an azimuthal average, and a black surface.

Cloud

specifications

Z,. 2 re

(pro) cloud base-lop
(I-tin)

15 3.7 4-10

10 3.7 6-15

8 3.7 5-12

5 3.7 8-12

Vertical structure

profile D

re re re

refleclance-only emission-only W,eeSlimate
retrieval retrieval

(/am) (prn) (pro)

9.4 9.1 8.7

134 13.0 125

10.5 10.1 98

10.9 108 10.6

profile/3

(adiabatic)

re re re

refleclance-only emission-only Weestimate
retrieval retrieval

(lam_ (p_m) (lain)

9.9 9.8 96

t4.5 14.2 139

11.4 112 I1.0

11.2 I1.1 10.9



Table 6b. Same as Table 6a, but for plane-parallel cloud layers with effective radii decreasing towards cloud top, and an emission
weighting, w_, proportional to dr/#i.

Cloud

specifications

A re

(itm) cloud base-top
(It]n)

15 3.7 10 4

10 3.7 15-6

8 3.7 12-5

5 3.7 12 8

profile D

re re

reflectance-only emission-only
retrieval retrieval

(itm) (llm)

Ver#cal structure

48 51

7.5 7.6

6.5 6.8

9.2 9.4

re

1,¢,e reflectance-only

estimate
(itm)

52 40

8.4 6.2

7.1 5.2

9.6 8.5

profile B

(adiabatic)

re re re

emission-only ,a,'_
retrieval retrieval estimate

(itm) (_m) (itm)

42 42

6.3 6.5

5.4 55

8.6 8.8
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Fig. 1. Example of the four analytic models for the vertical profile of effective radius, r,, considered in

Table 1 for the same prescribed boundary conditions (total cloud optical thickness, _:,, is 8 and effective

radius is 5 um and 12 l_m at cloud base and top, respectively). The top plot shows effective radius as a

function of optical depth, _. The bottom two plots show the corresponding profile of r, and cloud liquid
water content, LWC, as a function of geometric height z, where h is the total thickness. The constraints used
in deriving the profiles are indicated along side each plot. Note that for an otherwise identical cloud

processes, cloud top r, and L WC would be smaller for the sub-adiabatic profile (shown for x=0.75).
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Fig. 2. Two proposed normalized vertical weighting functions, w,, (proportional to

maximum photon penetration) and WN (proportional to number of photon scatterings),

for a 2.2 p.m channel, using both superposition formulae (lines) and Monte Carlo

calculations (symbols). Calculated for a cloud with a total optical thickness of 8, effective

radius varying from 5 gtn at cloud base to 12 psrt at cloud top with profile C in Table 1,

cosine of solar zenith and viewing angles ofp.0=0.65 and/2=0.85, respectively, and an

azimuthal average. Plots of the scattering-based weighting function include weightings

for both reflected and transmitted photons, w,'v and w tN, respectively.
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For effective radius varying from 5 wn at cloud base to 12 p.m at cloud top with profile C

in Table l, cosine of solar zenith and viewing angles of #o=0.65 and ].t=0.85,

respectively, and an azimuthal average.
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corresponding to the retrieved radii for each near-infrared channel is also indicated.
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